Abstract: In this paper, distributional questions which arise in certain Mathematical Finance models are studied: the distribution of the integral over a fixed time interval {0, T} of the exponential of Brownian motion with drift is computed explicitly, with the help of former computations made by the author for Bessel processes. The moments of this integral are obtained independently and take a particularly simple form. A subordination result involving this integral and obtained formerly by Ph. Bougerol is recovered and related to an important identity for Bessel functions. When the fixed time T is replaced by an independent exponential time, the distribution of the integral is shown to be related to last exit times distributions and the fixed time case is recovered by inverting Laplace transforms.
(1.1) For the last 4 or 5 years, a number of applied probabilists, working in the domain of Mathematical Finance, and more precisely about pathdependent option, so-called "Asian options", a particular case of which are average-value options, have been interested in the distribution of Thanks to the scaling properties of Brownian motion, it suffices to find thiis distribution for a = 2 for instance. We shall now write E((A -k) ) ( We come back to this point in detail in the last sub paragraph (1.7) of this Introduction). Hence, a fairly thorough knowledge of the law of A is needed in order to get, as much as possible, an explicit expression of C(t,k).
(1.2) We now remark that, thanks to Girsanov's theorem, we so that the distribution of A ) may be obtained once the joint distribution t of (At,exp(B )) is known. This may be done in terms of the semi-group of the hyperbolic Brownian motion on Poincare's half-plane (see Bougerol (11) .
In order to be conmplete and, at the same time, not to confuse the reader-wit1h differ-ent approaches, the cornnections with hyperbolic Browniaii nmotioni are presented concisely in paragraph 7 of the present paper.
However, the niain approach chosen in this paper for the study of the law of At , and more generally A( , is done here by relating (exp(B + vt),t -0) an identity which characterizes the law of At.
In paragraph 3, we show that both sides of (l.e) admit the same Laplace transform (in t) thereby proving (l.e), hence (1.d). (1.1)
where t is the o--f ield generated by the past of S, up to time t.
Thanks to the independence of the increments of B, it is immediate that the expression (0.1) may be expressed in terms of the function C def ined above in (o), but now k is an explicit expression depending on A(t).
Because of the lack of knowledge, up to now, about the law of At , and more (v) generally of A ) , the different authors working on thiis subject hlave pro- 
and, since (S ,u > 0) is a submartingale, the inequality
holds.
The inequality (2m) follows by taking expectations of both sides of (.n), and then averaging over [T ,TJ. 
This formula is also found in the literature in the slightly different, but equivalent form: for v > 0, and 0 > 0,
We shall also use the well-known formulae Hence, the formulae (4.j') and (4.e) imply that : [41, p. 238).
In particular, we have:
As a consequence, we deduce from formula (4.e) the following r-elation A simple variant of the arguments used in paragraph 3 above will yield the following Theorem 2 : We recall that, for ,u > 0, p1(a,p)dp denotes the seinigroup of t the Bessel process of index i, which is given by formuLLIa (2.d).
1) The joint law of (exp(B5 ) AS ) is given by 0 0 2p~~~0 (5.a) P(exp(B5 ) E dp As E du) -p (l ,p)dp du. Now, using the fornmulae (2.a), (2.e) and (2.d), we obtain
E| du g(u) f dp 2) More getierallv, we have Note that in (5.c), we have tised Girsanov's theorem to relate the law of (v) (B ,u < t) to that of (B ,u < t). We consider the canonical realisation on C(R ,I ) of a regular diffusion (R ,t t 0 P ,X E P ), with infinite lifetime. and we stippose for simplicity that (5.e) P (T < ) = 0, x > 0, and
As a consequence of (5.e) and (5.f), a scale function s for this diffusion satisf ies : s(O+) = -c and s(x) < w. We can therefore suppose that s(co)=0. (for a more direct derivation of (5.h) and related references, see (iii).
(P)
Since S w, it will be sufficient, in order to prove (5.h), to pass to the limit as 0 --* 0, in formullae (5.d,) and (5.d').
In fact, we shall show 6. The law of A taken at a f ixed time.
(6.1) Our aim in this paragraph is to give a formula, which we would like to be as explicit as possible for def (6.a) P(A(t) E duiB = x) -a (x,u)du. from which a(x,u) can -at least, in theory -be deduced.
J.C. Gruet (personal communication) checked that (7.e) and (6.e) agree and he developed further computations linking Bessel processes and hyperlbolic Brownian motions.
